Abstract. In this article, we prove a normality criterion for a family of meromorphic functions which involves sharing of holomorphic functions. Our result generalizes some of the results of H. H. Chen, M. L. Fang [3] and M. Han, Y. Gu [7] .
Introduction and Main Result
We denote the complex plane by C, and the unit disk {z ∈ C : |z| < 1} by ∆. Definition 1.1. { [11] , P.33, 71; [1] , P.220, 225} Let D be a domain on C, and F be a family of meromorphic functions defined on D. The family F is said to be normal in D, if every sequence {f n } ⊂ F has a subsequence {f n j } which converges spherically uniformly on compact subsets of D, to a meromorphic function or ∞.
According to Bloch's principle every condition that reduces a meromorphic function in the plane to a constant, makes the family of meromorphic functions in a domain D normal. Rubel gave four counter examples to Bloch principle.
Let f and g be meromorphic functions in a domain D and a ∈ C. Let zeros of f − a are zeros of g − a (ignoring multiplicity), we write f = a ⇒ g = a. Hence f = a ⇐⇒ g = a means that f − a and g − a have the same zeros (ignoring multiplicity). If f − a ⇐⇒ g − a, then we say that f and g share the value z = a IM. { [16] , p. 108}
In this paper, we use the following standard notations of value distribution theory,
We denote S(r, f ) any function satisfying S(r, f ) = o{T (r, f )}, as r → +∞, possibly outside of a set with finite measure.
In [9] Mues and Steinmetz proved, if a non-constant meromorphic function f in the plane, shares three distinct complex numbers a 1 , a 2 , a 3 with its first order derivative
W. Schwick [12] was the first who gave a connection between normality and shared values and proved a theorem related to above result of [9] 
One may ask whether one can replace the values a and b by holomorphic functions a(z) and b(z) and f (k) by a differential polynomial in f . In this article, we investigate this situation by replacing the values a, b by holomorphic functions a(z), b(z) respectively and
, where a o , a 1 are complex numbers , with a 0 = 0. We define
Here is our main theorem Theorem 1.4. Let F be a family of meromorphic functions in a domain D, let k (> 0) be an integer and let a(z), b(z), c(z) be holomorphic functions such that
By the following example we observe that the multiplicity restriction on zeros of f (z) − c(z) is sharp in Theorem 1.4 Example 1.5. Let D = ∆ = {z : |z| < 1}, let k be a positive integer, let a 0 = 1, a 1 = 0, let a(z) = z, b(z) = z + 1, c(z) = 0 (a constant function) and let
Clearly all conditions of theorem are satisfied but F is not normal in D.
The following example shows that a(z 0 ) and b(z 0 ) can not be equal for some z 0 in D.
Then, f n has zero of multiplicity k + 1 and f
The following example shows that the condition that f (z) = a(z) whenever
can not be dropped.
where p k−2 (z) is a polynomial of degree k − 2. Then, for every f n ∈ F , f n has zero of multiplicity k + 1, and
has exactly k + 1 distinct zeros and f n has only one zero so condition f (z) = a(z) whenever D(f (k) (z)) = a(z) is not satisfied. Since f n takes on the values 0 and ∞ in any fixed neighborhood of 0, if n is sufficiently large, so F fails to be normal in D.
We will use the tools of M. Han and Y. Gu [7] which they used in their paper.
Some Lemmas
In order to prove our results we need the following Lemmas.
Lemma 2.1. { [19] , p. 216; [18] , p. 814}(Zalcman's lemma) Let F be a family of meromorphic functions in the unit disk ∆, with the property that for every function f ∈ F , the zeros of f are of multiplicity at least k. If F is not normal at z 0 in ∆, then for 0 ≤ α < k, there exist
(1) a sequence of complex numbers z n → z 0 , |z n | < r < 1, (2) a sequence of functions f n ∈ F , (3) a sequence of positive numbers ρ n → 0, such that g n (ζ) = ρ −α n f n (z n + ρ n ζ) converges to a non-constant meromorphic function g on C. Moreover g is of order at most two . Lemma 2.3. { [13] , p. 22} Let k(> 0) be an integer, let f (z) = a n z n + a n−1 z n−1 + . . .
, where a i , i = 0, 1, 2, . . . , n are constants with a n = 0, q(z) and p(z) are co-prime polynomials with deg 
Proof of Theorem
Proof. Since normality is a local property, we assume that D = ∆ = {z : |z| < 1}. Suppose F is not normal in D. Without loss of generality we assume that F is not normal at the point z 0 = 0 in ∆. Then by Lemma 2.1, there exist
(1) a sequence of complex numbers z n → z 0 , |z n | < r < 1, (2) a sequence of functions f n ∈ F and (3) a sequence of positive numbers ρ n → 0, such that g n (ζ) = fn(zn+ρnζ)−c(zn+ρnζ) ρ k n converges locally uniformly to a non-constant meromorphic function g(ζ) in C and the zeros of g(ζ) are of multiplicity at least k + 1. Moreover g is of order at most two.
Case 1 When c(z 0 ) = a(z 0 ), we claim that
Clearly g (k) (ζ) ≡ B as zeros of g(ζ) are of multiplicity at least k + 1. Suppose g (k) (ζ 0 ) = B, then by Hurwitz's theorem there exist ζ n ; ζ n → ζ 0 such that
Now, consider
Now, it follows from 3.1 and condition (c) of the theorem 1.4 that
Thus,
Now, we prove claim (ii) Suppose g (k) (ζ 0 ) = A, by Hurwitz's theorem, there exist exist ζ n ; ζ n → ζ 0 such that
So, it follows from (3.2) and condition (b) of the theorem 1.4 that
So g(ζ 0 ) = 0.
is not a transcendental meromorphic function as g (k) (ζ) = B. Hence, g(ζ) is a non-constant rational function. Then, by Lemma 2.3, we have
where D is a constant, by (3.3) and (3.4) we conclude that the number of the zeros of g(ζ) is k + n, and by, Hurwitz's theorem multiplicity of zeros are at least k + 1, so the number of the distinct zeros of g(ζ) is at most k+n k+1
. It is simple to check that the zeros of g (k) (ζ) − A are of multiplicity 1, so the number of the distinct zeros of g (k) is k + n, which does not hold claim (ii). (1) a sequence of complex numbers z n → z 0 , |z n | < r < 1, (2) a sequence of functions f n ∈ F and (3) a sequence of positive numbers ρ n → 0, such that g n (ζ) = fn(zn+ρnζ)−c(zn+ρnζ) ρ k n converges locally uniformly to a non-constant meromorphic function g(ζ) in C The zeros of g(ζ) are of multiplicity at least k + 1. Moreover g is of order at most two. we claim that Using the method of Case 1 these claims can be proven. By Lemma 2.2, we have g(ζ) is a non-constant rational function, so is g (k) (ζ) and by claim g (k) (ζ) has two omitted values, which is a contradiction.
Case 3 when c(z 0 ) = b(z 0 ). this case is similar to case 1.
